Taking Bessel beams ͑J 0 beam͒ as a representation of a conical beam, and a slowly varying envelope approximation ͑SVEA͒ we obtain the results for the theory of third-harmonic generation from an atomic medium. We demonstrate how the phenomenon of self-phase-matching is contained in the transverse-phasematching integral of the theory. A method to calculate the transverse-phase-matching integral containing four Bessel functions is described which avoids the computer calculations of the Bessel functions. In order to consolidate the SVEA result an alternate method is used to obtain the exact result for the third-harmonic generation. The conditions are identified in which the exact result goes over to the result of the SVEA. The theory for multiple Bessel beams is also discussed which has been shown to be the source of the wide width of the efficiency curve of the third-harmonic generation observed in experiments.
I. INTRODUCTION
Recently Glushko, Kryzhanovsky, and Sarkisyan have demonstrated ͓1͔ the phenomenon of self-phase-matching ͑SPM͒ for an efficient third-harmonic generation ͑THG͒ in atomic vapors. They employ a ring pump geometry. The ring slit 1 is illuminated by an expanded beam from a Nd:YAG laser. The emanating radiation, focused into a cell containing atomic vapors, generates a third harmonic ͑TH͒ which is observed at the end of the sample. The observed THG has been shown to be efficient compared to that due to a disclike source of the same power of the incident fundamental radiation. Besides this increase in efficiency the remarkable feature of the SPM lies in the large tolerance it accepts in the fluctuations of the refractive index mismatch between the fundamental and the TH. This mismatch may be due to the variation of pressure, temperature, or Kerr nonlinearity. The large tolerance in the refractive index also widens the frequency spread of the fundamental that can be used to give the TH. In short the concept of SPM has important implications.
In a rapid communication ͓2͔ we have reported a theory based on an idealized representation of the conical beam used in Ref. ͓1͔. The theory explains salient features of the THG experiments of Ref. ͓1͔. In this paper we give the details of this theory. We justify below the use of the Bessel beams in the theory; explain the slowly varying envelope approximation ͑SVEA͒ used to obtain the reported results in ͓2͔; and further consolidate the SVEA results by deriving them by an alternate procedure. We then use the theory to consider THG using a double-conical beam, to demonstrate that the resulting TH is a superposition of four Bessel beams, and that a double-conical beams system can tolerate wider fluctuations in a refractive index compared to the beams produced by a single narrow ring slit or even a single broad ring slit. The case of representing a single broad ring slit by a series of ring slits placed side by side concentrically is discussed in detail using the approximate representation considered in the Appendix. The effects of reducing the radii of the ring slit and the focal length of the lens employed are considered at the end.
The use of Bessel beams is justified by two observations: ͑1͒ that the Bessel beam solution of the scalar wave equation is a superposition of infinite plane waves with their wave vectors parallel to the generators of a cone ͓3͔ representing an ideal conical beam; and note that it is such a superposition in which the authors of Ref. ͓1͔ analyze the concept of SPM; ͑2͒ that the method of generating the conical fundamental radiation using the ring slit in Ref. ͓1͔ is very similar to the method used by Durnin, Miceli, and Eberly ͓4͔ to demonstrate the realizability of the Bessel beam. Compare the similarities and the dissimilarities of the lens plus ring slit arrangement used in Ref. ͓1͔ and that used in Ref. ͓4͔ ͑also see the Appendix͒. In Ref. ͓1͔ the wider width ͑Ӎ10 000 m͒ of the ring slit and its nonplacement at the front focal plane of the lens may be noted. In Ref. ͓4͔ the ring slit is of narrower width ͑Ӎ10 m͒, and it is placed at the front focal plane of the lens. This ensured in Ref. ͓4͔ the plane-wave fronts in the image space for the field generated by a point on the ring slit. Thus the dissimilarities of the arrangements in ͓1͔ compared to that in ͓4͔ create curvedwave fronts in the focal region of the arrangement of ͓1͔, however the similarities suggest that the beams in ͓1͔ can-in first approximation-be taken to be a Bessel beam, or related to the Bessel beam of the type demonstrated by Durnin, Miceli, and Eberly ͓3,4͔.
The theoretical results presented in Ref.
͓2͔ on the basis of the J 0 beam show variations of the intensity of the generated TH, with the pressure of the atomic vapor, similar to the one observed in the experiments. The theory also shows the variation of the angular spread of the generated TH with pressure in that at low pressure the TH is widely spread, coming all along the directions of the fundamental radiation. As pressure increases the angular spread narrows and the intensity increases. Finally at a critical value of the pressure the angular spread reduces only to a line along the symmetry axis. The intensity vanishes all together for pressures beyond it.
This paper is organized as follows. In Sec. II A we recapitulate some properties of Bessel beams, in II B we give the details of the slowly varying envelope treatment for the generation of the TH by a Bessel beam of the fundamental radiation. In Sec. II C it is demonstrated how the transversephase-matching is taken into account by the transversephase-matching integral ͑TPMI͒. A method to evaluate the TPMI is described.
Section III contains exact treatment not presented in ͓2͔ for a THG by a Bessel beam. The results of this section are valid, also, for the small sample length. In the limit of the long sample length, the expression of Sec. II is recovered.
Section IV discusses the multiple Bessel beam situation. We first describe the two-ring slit produced double-Besselbeam configuration. The behavior of the cone angles of the resulting four Bessel beams is predicted. In Sec. IV B the case of three Bessel beams is briefly discussed, wherein one encounters as many as ten Bessel beams in the generated TH. Section IV C, discusses the case of a broad ring slit similar to the one used in Ref. ͓1͔. It is found here that intensities of the generated TH are higher and the width of the tolerance in the variation of the refractive index is large. Lastly we discuss the results due to the variation of the ring-slit radii and the focal length of the lens used.
͑͒ is the linear susceptibility of the medium for light of the angular frequency . c is the velocity of light in vacuum. ␣ in ͑2.1͒ is the angle of the cone which has its generators parallel to the infinity of infinite-plane waves that superpose to produce the solution ͑2 
͑2.6͒ implies that for the Bessel beam one has superposition of waves of a fixed longitudinal wave vector k ʈ ͑ϭk cos␣͒ and all possible directions of the transverse wave vector k Ќ but with a fixed length k Ќ ϭk sin␣. Here (k ʈ , k Ќ , ) are cylindrical coordinates in the k ជ space. Next we take the fundamental radiation in the form ͑2.1͒ and determine the amplitude of the generated third harmonic in the slowly varying envelope approximation.
B. THG using Bessel beam
In a nonlinear medium, the polarization oscillating at the frequency of the TH is given by
Here,
͑1͒
͑ 3 ͒, and ͑3͒ ͑,,͒ are, respectively, the linear and the nonlinear susceptibilities at the frequency 3 . The amplitude 3 of the TH is determined by the scalar wave equation
Now, anticipating circular symmetry, ͑2.8͒ is written in cylindrical coordinates as
For the sake of simplicity the susceptibilities dealing with other nonlinear responses of the medium are suppressed in ͑2.9͒-assuming that they are small and noninterfering with the THG. It is also assumed that the THG has a negligible reaction on the fundamental wave, in that there is no wavefront distortion, and no depletion of the fundamental due to it. In this weak-coupling approximation the propagation of the fundamental in the medium is described by ͑2.2͒ and ͑2.3͒. Further, we assume the following factorized form for ⌿ 3 ϩ :
Here, a(z) is the slowly varying envelope of the generated Bessel beam of the TH. The angle ␤ is to be determined from a condition to be discussed below. 
Now, multiplying both sides by ͓k 3 sin͑␤͒J 0 "k 3 sin͑␤͒…͔, and integrating over ͑0ϽϽϱ͒ yields
Use has been made of Lommel's result ͓7͔ for an integral over the product of the two Bessel functions of zeroth order. Solving ͑2.16͒ for the amplitude of the generated third harmonic at the end face of a sample of length L gives
. It represents the solution of ͑2.8͒, as a Bessel beam of cone angle ␤. However the angle ␤ still remains to be determined. Recall that for large sample lengths, i.e., for Lӷ/3, the sync function ͑sin/͒ has appreciable value only in the range where, k 3 cos͑␤ ͒Ϫ3k cos͑␣ ͒ϭ0.0.
͑2.21͒
Thus for large interaction lengths the longitudinal phasematching condition ͑2.21͒ determines the value of angle ␤.
The behavior of the TPMI, I͑T͒ is demonstrated in Fig. 1 
The angle defined by ͑2.22͒, can be modified by a variation of pressure and temperature, as it is dependent on the linear susceptibilities of the medium. The transverse ratio T also depends on the medium properties through the angle and on the geometry through the angle ␣ of the fundamental Bessel beam. Note, that for the negatively dispersive media both the angles the and the ␤ ͑from Eq. ͑10͒ of Ref. ͓2͔͒, are to be equal to or less than the cone angle ␣ of the fundamental Bessel beam. For a positively dispersive medium, definition of the angle by the use of Eq. ͑2.22͒ is improper as k 3 Ͼ3k. In this case the condition for longitudinal phase matching can still be satisfied by choosing ␤Ͼ␣. However the transversephase-matching factor is then
We know that the TPMI vanishes for TϾ3. Thus positively dispersive media do not support self-phase-matching. Equation ͑2.17͒, quoted in ͓2͔ is the main result of the Bessel beam representation of the conical beam. It demonstrates linear dependence on the length L of the medium provided the phase matching is satisfied. In contrast to the plane-wave situation the phase matching is broken into two parts. The longitudinal part is represented by the sync function, and the transverse part is contained in TPMI. We elaborate next on the TPMI.
C. The transverse-phase-matching integral
Before we discuss the calculations of the phase-matching integral it is instructive to show how it takes into account the different possibilities of the SPM. Consider the graphic representation in Fig. 1 of various parameters defined here and in Ref. ͓2͔ .
Two sections of the cones of the wave vectors of the fundamental (k ជ ) and the generated third-harmonic ͑k ជ 3 ͒ are represented in Fig. 1͑a͒ . The left side of line NЈNЉ shows the longitudinal section cut by a plane containing the principal axis OZ of the cones. The right side of the line NЈNЉ in Fig.  1͑a͒ shows the transverse section ͑or the side view͒ of the cones as seen on a plane perpendicularly to the principal axis OZ at N, and parallel to the line NЈNNЉ. In the longitudinal section AA, AЈAЈ are along the generators of the cone of the fundamental, and OP is along the generator of the cone of the third harmonic. The angle ␣ ͑␤͒ is the angle of the cone of the fundamental ͑TH͒. As the pressure of the gas is increased the point P (OPϭ͉k ជ 3 ͉) in Fig. 1͑a͒ moves along NЈPN and ␤ changes from ␤ϭ␣, to ␤ϭ0, all the time maintaining the longitudinal phase-matching condition ͑2.21͒. Note that the length l ONЈ ϭ͉3k ជ ͉. The angle characterizing the medium is also depicted by the right-angled triangle OM P, such that l OM ϭl ONЈ . At ϭ0, the points M , NЈ, P coincide at NЈ; and at ϭ␣ coincidence takes the place of M with NЈ, and of P with N. In the transverse section the circle marked TH ( f ) is the locus of the tip of the third-harmonic wave vector k ជ 3 along OP ͑fundamental wave-vector k ជ along Oa͒. Each TH circle is marked by the value of the corresponding ratio Tϭ͑k 3 sin␤/k sin␣͒. The f circle and the TH circle coincide for Tϭ1. For the sake of clarity no TH circle for TϽ1 lying inside the f circle has been shown.
The different possibilities of transverse-phase matching which contribute to the TPMI, can be understood with reference to Figs. 1͑a͒-1͑g͒ which give the details of the positions and directions of the transverse components of the wave vectors of the fundamental and the TH. First, note that, in Figs. 1͑a͒ and 1͑b͒, Fig. 1͑a͒ the Tϭ3 at ϭ0 case, when the point P lies on NЈ. Recall that ␤ϭ␣ for ϭ0. The transverse-phase matching, in this case, is represented by the vectorial equation along NNЈ ͓see Fig. 1͑c͔͒ k
͑2.26͒
A similar equation exists for each point on the TH-circle ͑Tϭ3͒, ͓Fig. 1͑a͔͒ implying that for collinear-phase matching the generated TH is emitted along each plane-wave component of the fundamental Bessel beam. Note that there is only one phase-matching diagram for each point of the TH-circle ͑Tϭ3͒.
Consider now, in Fig. 1͑b͒ , the TH-circle ͑1ϽTϽ3͒ for which k ជ Ќ (4) ϭv ជ NP . Here, we represent two of the several cases in which the transverse-phase matching can be achieved. The first case, is depicted by the set of vectors 2) . The quadrilateral representing the transversephase matching is now seen to be Nb 1 R 2 P. The sides b 1 R 2 and R 2 P are provided by the parallel vectors v ជ Nb 2 . Note that the second case corresponds to the angle 2 ϭ 2 max between the k ជ Ќ ͑4͒ and k ជ Ќ ͑3͒ ͓consider, for example, the 2 max case, with ϭ0 and c ជ ϭd ជ in Fig. 1͑e͔͒ . All values of 2 such that 0Ͻ 2 Ͻ 2 max are represented by the position of the radial vec-
It is not demonstrated in the diagram but it can be stated that the corresponding quadrilateral for each value of 2 such that 0Ͻ 2 Ͻ 2 max is always possible by taking two vectors viz. v ជ Nb 2 and v ជ Nb 3 , not parallel to one another, to complete the quadrilateral Nb 1 R 2 P. Note that unlike the collinear-phasematching case ͓which has only one diagram, Fig. 1͑c͔͒ one has contribution to the TPMI from all the diagrams of transverse-phase matching characterized by 0Ͻ 2 Ͻ 2 max for a NPϭk 3 sin␤. By symmetry, equal contribution also comes from diagrams with ͑2Ϫ 2 max ͒Ͻ 2 Ͻ2. Thus the phasematching integral of the present formalism takes into account all possible transverse-phase matchings. This is very different from the formalism adopted in Ref. ͓1͔. For example it is not clear from Eq. ͑7͒ of Ref. ͓1͔ as to how these different cases are to be taken into account.
A picture similar to Fig. 1 can be drawn for k 3 Ͼ3k. The point P will then lie above the point NЈ on the line NNЈ to make ␤Ͼ␣. The impossibility of meeting the transversephase-matching condition is noted by the fact that then NPϾNNЈ and that it cannot be made up by any vectorial sum of three vectors each of length k sin ␣ which total only up to a maximum of length l NNЈ .
Next consider the evaluation of the TPMI I in ͑2.19͒ which can be written as
In going from ͑2.19͒ to ͑2.27͒, the circular symmetry and a representation of the Bessel function has been used. The k ជ Ќ (i) , iϭ1,2,3,4 in ͑2.27͒, are the four, two-dimensional vectors, which are projections on the x-y plane ͓see Fig. 1͑b͔͒ of the four wave vectors viz. the three k ជ vectors of the fundamental, and the fourth vector is the k ជ 3 of the generated TH. The ⌫ i is the angle, in the x-y plane, between the two-dimensional vectors ជ and the k ជ Ќ (i) . Note that the vectors k ជ Ќ (i) ͑iϭ1,2,3͒ have equal magnitude but arbitrary directions in the x-y plane. As long as the longitudinal phase matching is not imposed-k ជ Ќ ͑4͒ is also arbitrary in direction and length. In order to estimate ͑2.27͒, divide the four planar vectors into two groups as shown in Fig. 1͑e͒ c
͑2.29͒
Let x and y axes be, respectively, along the vector d ជ and perpendicular to the vector d ជ . The integrations over the four angles ⌫ i can now be performed by redefining ⌫ 1 ϭ 1 to be the angle between k ជ Ќ ͑1͒ and k ជ Ќ ͑2͒ ; ⌫ 2 ϭ 2 to be the angle be-
; ⌫ 3 ϭ 3 ϭ, to be the angle between the vector c ជ and d ជ . The angle ⌫ 4 ϭ 4 can be represented by the rotation of c ជ and d ជ vector system ͑intact͒ with respect to any arbitrary direction in the x-y plane. Since this last rotation produces similar systems, an integration over the 4 angle is readily performed, which yields the value 2. Also performing the integrations for the x coordinate and the y coordinate there results two ␦ functions due to the infinite extension of the medium in the two directions. Thus
cϭ2k sin͑␣ ͒sin͑ 0.5 1 ͒, ͑2.31͒
Now performing the integration over the angle using the second ␦ function, gives
Finally using the remaining ␦ function to perform the integration over the angle 1 , contained in the length of the vector c one gets
Since, dϭcϭ2k sin͑␣͒sin͑0.
In the last step, use has been made of the equal contributions from 0 to , and from to 2. Note that, one has to be careful with the upper limit of the integral in ͑2.35͒. The upper limit is , for Tр1, e.g., Fig. 1͑f͒ for Tϭ1, and Fig.  1͑g͒ as a representative case for TϽ1. For, TϾ1, the upper limit is 2 ϭ 2 max , see in Fig. 1͑b͒ The integrand in ͑2.35͒ gives a large contribution at 2 ϭ0 for 0ϽTϽ3. It develops another region which gives a large contribution to the integral at ͑ i͒ 2 ϭ for ͑ ͱ 2Ϫ1 ͒рTϽ1 ͑ ii͒ 2 ϭ 2 max with cos͑ 2 max ͒ϭ͓͑T 2 Ϫ3͒/2T͔ for 1ϽTр3.
Note also that at Tϭ1, ͑2.35͒ is a divergent integral, which essentially stems due to the infinite extension of the Bessel beam in the transverse directions. The overlap is thus maximum at Tϭ1. The divergence at Tϭ1 need not be disturbing, as such divergence is seen in Lommel's formula too. Lommel's formula and the integral ͑2.19͒ represent, respectively, the effective transverse areas over which the product of the Bessel beam with itself and of the cube of the fundamental with the generated third harmonic, have a nonzero value. The transverse-phase-matching diagram for Tϭ1 is depicted in Fig. 1͑f͒ . Note that, because of the degeneracy in length, each point of the TH circle gets a contribution from every other point of the f circle. Figure 1 ␤Х␣ corresponds here to the divergence at TХ3. The two divergences correspond to the diagrams 1͑f͒ and 1͑c͒ in Fig.   1 , which demonstrates the ways the transverse-phasematching condition is satisfied in these two cases. The ␤ϭ0 case of ͓1͔ is obtained when the value of reaches its cutoff value ␣. We will use the result ͑2.17͒ in Sec. IV. In the following section we are concerned with the derivation of ͑2.17͒ from an expression which is valid beyond the slowly varying envelope approximation used in Sec. II B.
III. AN EXACT TREATMENT OF THE THIRD-HARMONIC GENERATION BY BESSEL BEAM
We consider the semi-infinite half-space ͑0ϽϽϱ, 0Ͻz Ͻϱ͒ containing the nonlinear medium, and as in Sec. II, work within the scalar wave equation. Taking as usual the refractive index for the third-harmonic wave to be n 3 , and ͑2.10-2.13͒ the ͑2.8͒ gives
͑3.3͒
In order to solve ͑3.1͒ consider the Fourier transform of both sides. We take
The ⌿ 3 (K ជ ) is determined from the algebraic relation in the K ជ space. We get
͑3.7͒
For the circularly symmetric ϩ , one can write
͑3.12͒ gives the amplitude of the forced wave in the nonlinear medium for the mode K ជ . The amplitude exists for all modes for which g(K ជ ) is nonzero. Thus the amplitude ͑3.12͒ exist in the region of space 0ϽzϽL in which the medium pervades. The corresponding amplitude is determined from ͑3.4͒. However, the amplitude of only such modes is expected to grow, whose mode parameter K ជ lies on the energy shell K 2 ϭk 3 2 . For such modes ͑3.12͒ has singularity. A convenient way to take account of the singularity is to convert ͑3.12͒ into 0/0 form by adding the solution of the homogeneous part of ͑3.1͒, which exists only on the energy shell.
The modified expression for the amplitude in K space, valid for all mode parameter K ជ , and that which satisfies the boundary condition in the ordinary space
is given by
͑3.14͒
The corresponding spatial amplitude is obtained by using ͑3.14͒ in ͑3.4͒. Taking advantage of the circular symmetry, the result can be written as
While writing ͑3.15͒ use has been made in replacing K ʈ according to the two ␦ functions. The first term in the numerator in the square bracket admits all values of K Ќ , irrespective of the fact that the corresponding mode will or will not be supported by the medium. The second term on the other hand does the same but for K ʈ 2 ϭk 3 2 ϪK Ќ 2 . The combination of the two terms in ͑3.15͒ acts in such a way that at large distances only such forced modes will grow which are supported by the free wave solution. This may be demonstrated by the following modification of the square bracket; we may write the square bracket as
͑3.16͒
So in the limit of large z and K 2 →k 3 2 ͑3.16͒ implies in addition to a phase factor the following expression:
which could also mean to imply
, and K ʈ →3k ʈ .
͑3.18͒
Making use of these expressions for large z, ͑3.15͒ can be simplified. It gives, along with the phase factor mentioned above, the result
͑3.19͒
Now, if one takes
͑3.19͒ becomes identical to the slowly varying envelope approximation result ͑2.17͒. The expression ͑3.16͒, however, is valid for all lengths of the sample. It is readily checked that the experiments of Ref. ͓1͔ can be analyzed using the slowly varying envelope result ͑2.17͒ of Sec. II or ͑3.19͒ above.
In the next section we use ͑2.17͒ to discuss the THG by the multiple Bessel beam incident fundamental.
IV. MULTIPLE BESSEL BEAMS
The numerical results of ͑2.17͒ for a model system giving a single Bessel beam, are discussed in Ref. ͓2͔. The model chosen has the ring slit with radius aϭ0.45 cm and the width daϭ0.1 mm, the focal length of the convex lens is assumed to be 10.0 cm and 3 ϭ0.355 . The Bessel beam emerging from such a model system is derived in the Appendix. We use ͑A8͒ to represent the input Bessel beam. Figure 2 of Ref.
͓2͔ shows the total detected power ͉͑E 3 ͉ 2 ͒ of the third harmonic as a function of pressure ͑proportional to ͕1Ϫcos͖͒ normalized suitably. The detected power ͉͑E 3 ͉ 2 ͒ is calculated using ͑2.17͒ according to
It is assumed to be falling on a circular detector placed centrally and perpendicularly to the z axis at the end of the sample. The radius of the detector is aϾk 3 sin͑␣͒, where ␤ϭ␣ is the largest cone angle which the generated Bessel beam of the third harmonic can have at collinear-phasematching conditions ͑ϭ0.0͒, which occurs at very low pressures ͑because in the vacuum there is no difference in the velocities of the fundamental and the third-harmonic waves͒. At low pressures there are fewer atoms in the cell, which produce small amplitudes of the generated third-harmonic wave. As the pressure is increased the phase mismatch ⌬͑ 3 ,͒ becomes significant, the collinear-phase matching can no longer be satisfied. It is in this domain that the advantages due to the possibilities of self-phase matching set in. Simultaneous satisfaction of the longitudinal and the transverse-phase matching becomes possible-and the amount of the third harmonic generated depends on the effective area over which there is significant overlap of the transverse variations of the cube of the fundamental and the third-harmonic Bessel beam. The maximum occurs at k 3 sin͑␤͒ϭk sin͑␣͒ at which tan͑␤ 0 ͒ϭ͑ 1/3͒tan͑␣ ͒.
On further increase of the pressure the effective area decreases but does not vanish. The decrease is controlled by the tan͑␤͒ and by the sharp cutoff at Ͼ␣ when Iϭ0.
The values of the parameters T,␤,I along with the nature of phase matching occurring at different values of the medium angle for a single Bessel beam are summarized in Table I , for ready reference.
We consider now how by having more than one Bessel beam in the input radiation one can have a broader width like that shown in Fig. ͑3͒ of Ref. ͓2͔.
A. Third-harmonic generation using two Bessel beams
Consider two thin-ring slits of radii a 1 and a 2 (a 1 Ͻa 2 ). Their widths da 1 and da 2 are very small compared to their radii. The two radii can be arbitrarily close to one another. For definiteness, let these two ring slits generate distinct Bessel beams, of cone angles ␣ 1 and ␣ 2 , ͑␣ 1 Ͻ␣ 2 ͒, respectively. These Bessel beams overlap in the nonlinear medium generating the third harmonic. The fundamental field in the medium is represented by
ϩA 2 e Ϫik cos͑␣ 2 ͒z J 0 "k sin͑␣ 2 ͒…͔, ͑4.1͒
A 1 and A 2 are the amplitudes of the two Bessel beams. These are determined, as discussed briefly in the Appendix, by the field illuminating the ring slits, and the widths of the ring slits. The generated third-harmonic amplitude in the longsample limit is given by
⌶͑␤ ͒ϭtan͑ ␤͒J 0 "k 3 sin͑␤ ͒…e Ϫik 3 cos͑␤ ͒z , y 1 ϭk 3 cos͑␤ ͒Ϫ3k cos͑␣ 1 ͒, y 2 ϭk 3 cos͑␤ ͒Ϫ2k cos͑␣ 1 ͒Ϫk cos͑␣ 2 ͒, ͑4.4͒ y 3 ϭk 3 cos͑␤ ͒Ϫk cos͑␣ 1 ͒Ϫ2k cos͑␣ 2 ͒, y 4 ϭk 3 cos͑␤ ͒Ϫ3k cos͑␣ 2 ͒,
͑4.5b͒
It is clear from the above that a photon of the generated third harmonic can come from four different combinations of the three photons of the fundamental beams: ͑1͒ all three photons come from the ␣ 1 beam; ͑2͒ all three photons come from the ␣ 2 beam; ͑3͒ one photon comes from the ␣ 2 beam and two photons come from the ␣ 1 beam; and ͑4͒ two photons come from ␣ 2 beam and one photon comes from the ␣ 1 beam. Consequently there are four different longitudinal phase-matching conditions represented by the four ␦ functions in ͑4.3͒. Thus the generated third-harmonic field can be in a superposition of four distinct Bessel beams, their angles being determined by the prevailing conditions in the sample. In order to develop a scheme to label the four distinct beams, recall that for the single thin-ring-slit case, a Bessel beam is produced when 
͑4.6͒
From ͑4.6͒ and from Table I Figure 2 shows the behaviors of I 1 , I 2 , I 3 , and I 4 for the model system a 1 ϭ0.45 cm, a 2 ϭ0.55 cm, da 1 ϭda 2 ϭ0.01 cm, f ϭ10.0 cm, and for various values of the pressures. The double peaks in I 2 and I 3 are easily understood to be the two alternate ways the overlap integral can acquire a local maximum. Figure 3 demonstrates the intensity of the generated TH recorded by the detector placed at zϭ10.0 cm. The curves a and b correspond to the situations when either ␣ 1 or ␣ 2 input Bessel beam is only present. The curve c represents the generation of the third harmonic when the ␣ 1 and ␣ 2 Bessel beams are simultaneously present in the sample. This Fig. 3 clearly demonstrates the wide pressure range over which a significant third harmonic can be generated by the use of multiple Bessel beams.
B. Three and more than three input Bessel beams
If one uses three ring slits in the front focal plane one has three Bessel beams interacting simultaneously with the nonlinear medium. The third-harmonic photon can now be formed also by the combination of one photon each from the three slits. This ͑1ϩ1ϩ1͒ combination of the photons of the fundamental is in addition to the ͑2ϩ1͒ and ͑3ϩ0͒ combinations encountered earlier in the two slit case. For the three slits case these three combinations add up to give ten independent values of the cone angle ␤ of the output Bessel beam components. Consequently the harmonic radiation in the three slits case is a superposition of ten Bessel beams. We leave the presentation of their detailed calculations for future experimental papers.
Note, however, that on increasing the number of slits from one to two, one encountered an increase in the tolerance width of the pressure ͑compare is determined by the minimum and the maximum radii of the multiple ring slit system, and the overall interference effects of the superpositions of the multiple Bessel beams in the generated third harmonic. In the next section a model is discussed to obtain the radiation from a broad-ring slit.
C. The broad-ring slit
In the experiment of Ref. ͓1͔ a broad-ring slit was in use. One may represent a broad-ring slit comprising of a large number of thin-ring slits, lying side by side in the broadannular region defined by an inner radius a and outer radius b. The field generated by such a broad-ring slit may be represented by an integral of the following type ͑see the Appendix͒
L is the average distance of the broad-ring aperture from the center of the lens; f is the focal length of the lens, is the wave length of the fundamental radiation, and A is a constant related to the amplitude of the radiation which illuminates the broad slit, and the geometry, as discussed briefly in the Appendix. The generated third harmonic in the long-sample limit is then given by the expression similar to ͑4.2͒ where the function (z) is replaced by
The difference between ͑4.14͒ and ͑4.2͒ is an additional effect. This is revealed by noting that in ͑4.14͒, there may be several combinations of slits with different radii, r 1 ,r 2 ,r 3 which simultaneously satisfy a longitudinal phase-matching condition corresponding to a particular ␤. Each one of these combinations has a different value of the transverse-phasematching integral. Physically this additional effect to allow phase matching for a given value of ␤ arises because the three photons can come not only from different azimuthal angles but also from several different values of the inclination to the z axis. The analytical evaluation of ͑4.14͒ has not been possible. We have numerically evaluated ͑4.14͒ by breaking the broad slit of Ref. ͓1͔ in to 11 slits lying in the annular region defined by aϭ0.45 cm, bϭ0.55 cm. Each slit is assumed to be of width 0.01 cm, and is placed with its center at the marker 0,1,2,3,4,5,6,7,8,9,10 separated by 0.01 cm. In this case there are as many as 286 values of ␤. In general for n slits one has N[ϭn(nϩ1)(nϩ2)/6] distinct combinations of r 1 ,r 2 ,r 3 leading to the different values of ␤, some of which may be degenerate, depending on the value of the three radii. The intensity of the detected third harmonic is plotted in Fig. 3 of Ref. ͓2͔. In Fig. 4 we accommodate the three cases viz. the single-slit, the two-slit, and the broad-slit ͑represented by 11-slit͒ configurations considered above. The unnormalized power detected at the end face of the sample of length 10 cm placed symmetrically in a region where the approximate Bessel beam is formed on the optical axis, is plotted in Fig. 4 . For the sake of clarity each curve is multiplied by a suitable factor mentioned alongside each curve. The width of the broad-slit configuration is wider than that for a single-slit case but is narrower with respect to the two slit configuration. The reason for the reduction in the width is the effect of the intereference of the multiple Bessel beams of the TH produced in the broad-slit case. The intereference has much less detrimental effect for the two-slit configuration. The width is more but the power is much less in the two-slit case compared to the broad-slit case Lastly it is of interest to note the results of the present theory when the radii of the ring slit or the focal length of the lens is varied. By decreasing the radii and/or increasing the focal length one modifies the angle ␣ to smaller values. This implies that the pressure of the gas at which the maximum THG may occur decreases. To demonstrate this we have plotted in Figs. 5 and 6 the three cases as in Fig. 4 . Figure 5 shows the effect of increasing the focal length of the lens compared to that in Fig. 4 ; and Fig. 6 shows the effect of decreasing the radii of the annular slit with respect to those in Fig. 4 . As mentioned above in both cases the pressures-at which the maximum occurs-decreases and the overall power is reduced. It remains to be seen if the experimental results would follow the same pattern.
In conclusion we have given besides the details of the theory of the THG by Bessel beams an important result that the width of the pressure range can be controlled by controlling the radial distance between two-ring slits and filling the internal space either by a single-ring slit in between, or by a number of slits. There is much scope for improvement of the present formalism. For example, it is important to take into account the curvature of the wave front in the actual experiments of Ref. ͓1͔. The curvature effects are expected to be important for shorter focal lengths where the THG is predicted to be higher by the present formalism.
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APPENDIX
The derivation of the Bessel function solution from a ring slit placed at the front focal plane of a convex lens is not new. It is included here for completeness and ready reference. Let the disturbance at the ring slit, in the plane ⌺ x 1 y 1 ϭ(x 1 ,y 1 ,zϭz 1 ) ͑see Fig. 7͒ be represented by u͑x 1 ,y 1 ,z 1 ͒ϭA␦͑ x 1 2 ϩy 1 2 Ϫa 2 ͒exp͑ Ϫiz 1 ͒. ͑A1͒
The disturbance at the plane ⌺ x 2 y 2 ϭ(x 2 ,y 2 ,zϭz 1 ϩ f ), just to the left of the lens, as shown in Fig. 7 , is given by the scalar diffraction theory as u͑x 2 ,y 2 ,z 2 ͒ ͵ ͵ 
͑A6͒
The disturbance on the plane ⌺ x 3 y 3 ϭ(x 3 ,y 3 ,zϭz 1 ϩ f ϩ⌬) to just right of the lens is given in the well-known manner by 
